Orthogonal frequency division multiplexing (OFDM) communication systems have great advantages, such as high spectrum efficiency and robustness against multipath fading. In order to enhance the advantages, this paper investigates an efficient utilization of both diversity combining and higher-level modulation (adaptive modulation) with a repetition code on the frequency domain in the OFDM systems. The repetition coded OFDM systems can achieve an improvement of performance with such a simple structure as one pair of transmit/receive antennas. In this paper, we derive simple closed-form equations for bit error probability (BEP) and throughput, and then improvements of those performances in the proposed OFDM systems are verified by both theoretical analysis and Monte Carlo simulation.
good results, such as ICI cancellation [10] , [11] , blind channel estimation [12] , and BEP improvement owing to diversity gain [11] . In [11] , we have theoretically derived a simple closed-form equation for the BEP of differential quadrature phase-shift keying (DQPSK) in the repetition coded OFDM systems for the purpose of robustness against severe fading. In the proposed OFDM scheme, all subcarriers of OFDM are divided into two regions (low and high subcarrier frequencies), and DQPSK symbols are duplicated with half the subcarriers spacing. Owing to both double bit energy and frequency diversity gain, it can be theoretically verified that the BEP in the proposed systems is much improved as compared with that in the conventional DBPSK/OFDM systems on the conditions of the same carrier power and the same bit rate. But, from the standpoint of practical application, it is very important to consider coherent modulation like quadrature amplitude modulation (QAM) for the purpose of improving throughput performance.
In this paper, we further investigate an efficient utilization of higher-level modulation as well as diversity combining in the repetition coded OFDM systems. The information bit rate is reduced by half owing to the duplication, then the higher-level modulation should be considered in the proposed OFDM systems to keep the bit rate. In order to theoretically verify the advantage of the proposed scheme, we derive simple closed-form equations for the BEP and the throughput of PSK and QAM. Many performance analyses of the OFDM systems over fading channels have been proposed, for example [13] , [14] . But few of them analyze the effects of both the diversity combining and the higher-level modulation, what is more, with such a simple structure as one pair of transmit/receive antennas. A simple transmit diversity technique [15] and its application to OFDM, spacetime coded OFDM [16] and space-frequency coded OFDM [17] , have been proposed. Those techniques can easily provide the same diversity gain as maximum ratio combining (MRC), but require multiple transmit antennas. On the other hand, the proposed OFDM can provide the limited diversity gain which depends on the frequency selectivity, but requires only one transmit antenna. Finally, the improvements of BEP and throughput performances are verified by both theoretical analysis and Monte Carlo simulation.
The remainder of this paper is organized as follows. In Sect. 2, a system model of the proposed OFDM systems is described. In Sect. 3, simple closed-form equations for the BEP and the throughput are derived. We evaluate the perforCopyright c 2011 The Institute of Electronics, Information and Communication Engineers mances of both conventional and proposed OFDM systems in Sect. 4. The paper is concluded in Sect. 5. Figure 1 shows a block diagram of the OFDM systems with a repetition code on the frequency domain, where N c is the number of subcarriers. At a transmitter, a binary data sequence is converted to digital-modulated symbols S i (i = 0, 1, · · · , N c /2 − 1), which are parallelized by serialto-parallel (S/P) conversion and duplicated with N c /2 subcarriers spacing. The information bit rate is reduced by half owing to the duplication, then the higher-level modulation is considered in the proposed OFDM systems to keep the bit rate. After OFDM modulation (IFFT), parallel-to-serial (P/S) conversion, guard interval (GI) insertion and digitalto-analog (D/A) conversion, generated OFDM symbols are transmitted.
System Model
OFDM symbols are subjected to Rayleigh fading and are added white Gaussian noise (AWGN). The fading channel is both time-and frequency-selective, but it is assumed that the channel remains constant over one OFDM symbol duration [5] and inter-symbol interference (ISI) caused by delay spread can be completely avoided with the GI, which is longer than the maximum multipath delay. In Monte Carlo simulation mentioned later, a tapped-delay line channel simulator is considered as the fading channel [18] , and each channel tap is simulated using the Jakes' model [19] .
A receiver is constructed by reversing the process of the transmitter as follows: analog-to-digital (A/D) conversion, GI deletion, S/P conversion, OFDM demodulation (FFT), coherent detection, maximum ratio combining (MRC) for two symbols with N c /2 subcarriers spacing, P/S conversion and data decision. At the diversity combiner, full diversity gain cannot be achieved because of frequency correlation between subcarriers, but we will verify the advantage of the proposed scheme even as for the imperfect diversity gain. It should be noted that the frequency diversity combining can be easily replaced by the time diversity combining with a time interval.
In this paper, the proposed scheme will be compared with the conventional one without duplication and MRC on the conditions of the same carrier power and the same bit rate. Table 1 groups Gray-mapped M-PSK and M-QAM considering the same bit rate per symbol R, which is defined as Fig. 1 System model in equivalent low-pass system.
In the next section, we will theoretically analyze the effects of both the correlated diversity combining and the higherlevel modulation upon BEP and throughput performances. That is, it will be theoretically verified that the impact of the correlated diversity gain is larger than the decrease of power efficiency by the higher-level modulation. Generally speaking, more accurate detection is needed when the constellation size of modulation is increased. But the purpose of this study is to analyze the optimal effects of both the diversity combining and the higher-level modulation, then the ideal coherent detection is assumed in this paper.
Performance Analysis
One of the important matters to analyze the performances is the correlated frequency diversity effect, which has been derived in [11] . The derived frequency correlation function is very simple, but includes a computational error when a frequency spacing is large [20] . Therefore, after introducing a modified and accurate frequency correlation function, simple closed-form equations for the BEP and the throughput will be derived.
Modified Frequency Correlation Function
We have derived the absolute frequency correlation function as follows: [11] |ρ B (l)| = 1
where σ τ /T s is the rms delay spread normalized by the OFDM symbol duration, α is the ratio of GI duration T g to data symbol duration
and l is the number of subcarriers spacing, for example, l = N c /2 in Fig. 1 . Table 1 Subcarrier modulations with same bit rate. Generally speaking, a frequency correlation function is derived by Fourier transform of a power delay profile, which is a continuous-time function. Equation (2) has also been derived by the above method, but owing to the A/D conversion at the OFDM receiver, the frequency correlation between subcarriers should be derived from a discrete-time power delay profile by discrete Fourier transform. Moreover, at the price of simplicity, (2) holds only in the case of an exponential decay power delay profile. Therefore, for the strictness and generality, a modified and accurate frequency correlation function is introduced in this section. Figure 2 shows the concept of discrete-time power delay profile. At the A/D converter with FFT sampling period Δτ, the continuous-time profile p r (τ) within GI is converted into the discrete-time profile with the power p r [n] in the time delay τ[n] (n = 0, 1, · · · , N g − 1). Equation (2) is originally derived by the Fourier transform as follows: [18] 
where Δ f and P r are a frequency spacing and total power of p r (τ), respectively. Since the frequency spacing between adjacent subcarriers is 1/T d , Δ f with l subcarriers spacing in (3) becomes
When converting (3) into the discrete Fourier transform and limiting the maximum time delay to T g , the modified frequency correlation function can be expressed as 
where p r [n] is each power normalized by total power and τ [n] is each delay time normalized by OFDM symbol duration as follows:
Now we justify the modified function (5) with Monte Carlo simulation. In the simulation, we calculate the expected value of correlation between two symbolsŜ 0 in the zeroth subcarrier andŜ l in the l-th subcarrier after OFDM demodulation (FFT), that is,
where N d is FFT point size. Table 2 shows the simulation parameters, where the exponential decay model and the ETSI/BRAN channel-A model [21] , [22] are assumed as the power delay profile based on the tapped-delay line model [18] . Figure 3 shows frequency correlation characteristics as a function of the subcarrier spacing. It is found from the figure that the modified function (5) can precisely express the characteristics, whereas the simple function (2) includes a computational error when using the large frequency spacing in the proposed OFDM systems. By considering sampling effect, the frequency correlation characteristic becomes periodic and concave, because the output from FFT S l is periodic with period N d and the first output is continuous with the last one. The characteristic becomes closer to the value from the simple function (2) in the case of large FFT point size N d , because discrete-time Fourier transform can be approximated to continuous-time one by enlarging the sampling frequency.
Average Bit Error Probability
Now we derive a theoretical equation for the BEP over fading channels by using the absolute frequency correlation function |ρ B (l)|. Fast of all, a theoretical equation for the BEP with Gray-mapped M-PSK or M-QAM over AWGN channels P b (γ) is given by [23] 
where γ is carrier-to-noise ratio (CNR) of received signal and erfc(·) is a complementary error function. The values of A i and B i in each modulation are appeared in Table 3 . By averaging (8) with a probability density function (PDF) of CNR p(γ), the average BEPP b (Γ) can be derived, i.e.,
where Γ is the average CNR, i.e.,
BEP Equation in Conventional OFDM Systems
The PDF of a Rayleigh random variable can be expressed as [24] 
Substituting (8) and (11) into (9), the average BEP over Rayleigh fading channels becomes
It is noted that the following integration result is utilized to derive (12):
The BEP in the conventional OFDM systems without duplication and MRC can be calculated with (12) and Table 3 .
BEP Equation in Proposed OFDM Systems
The PDF of CNR when combining correlated two signals with MRC over Rayleigh fading channels can be expressed as [24] p
Substituting (8) and (14) into (9) and using (13), the average BEP becomes
The BEP in the proposed OFDM systems with correlated frequency diversity combining can be calculated with (15) and Table 3 . When the frequency spacing and/or the rms delay spread are very large, that is, when two signals with MRC can be considered to be mutually independent, the maximum diversity gain can be achieved. In this case, the PDF of CNR can be expressed as [24] 
Substituting (8) and (16) into (9), the average BEP becomes
It is noted that the following integration result is utilized to derive (17):
Equation (17) can calculate the best BEP performance in the proposed OFDM systems. Finally, the frequency diversity combining can be easily replaced by the time diversity combining with a time interval, that is, by replacing the frequency correlation function |ρ B (l)| with the time correlation function
where f D and l are the maximum Doppler frequency and the time interval (the number of OFDM symbols), respectively, and J 0 (·) is a Bessel function of the first kind of zeroth order.
Average Throughput
Since the proposed scheme aims to improve the throughput performance as well as the BEP performance, we theoretically analyze the average throughput by using the derived average BEPP b (Γ). The average throughput in terms of bits per second per Hertz can be defined as
where 1/(1 + α) means the loss by GI insertion,P p (Γ) is the average packet success probability with a packet size (the number of bits per packet) D as follows:
In the throughput analysis, an optimal bit interleaver is assumed to randomize burst bit errors.
Performance Evaluation
We theoretically verify the effectiveness of the OFDM systems employing the correlated diversity combining and the higher-level modulation described in Sect. 2. The proposed scheme should be compared with the conventional one without duplication and MRC on the conditions of the same carrier power and the same bit rate in Table 1 . In order to justify the proposed analysis in Sect. 3, the performance obtained from Monte Carlo simulation is also evaluated. Table 4 shows the simulation parameters. Figure 4 shows the average BEP performances as a function of the rms delay spread when the average CNR Γ is 30 dB.
Average Ber Performance
The following analytical results of QPSK in the proposed OFDM systems are simultaneously indicated in Fig. 4(a) : the BEP with the simple frequency correlation function (2) instead of (5) and the best BEP with uncorrelated MRC in (17) . It is noted that the performance of the conventional scheme is irrelevant to the rms delay spread, then only analytical results are indicated in the figure. We first point out the accuracy of the modified frequency correlation function (5) in the performance. It can be observed from the figure that the proposed scheme can provide the better performance with increasing the rms delay spread σ τ /T s . That is because the frequency correlation between subcarriers becomes small, which enlarges the frequency diversity gain and improves the BEP. Owing to this fact, the proposed scheme outperforms the conventional one when σ τ /T s > 8 × 10 −4 for R = 2 and σ τ /T s > 2 × 10 −3 for R = 3. The proposed scheme always outperforms for R = 1, whereas the reverse occurs for R = 4. The situation changes according to the CNR except for R = 1. The proposed scheme can utilize double bit energy to demodulate data as compared with the conventional one, whereas QPSK can utilize half bit energy as compared with BPSK in the same CNR condition. In the case of small delay spread (with no diversity gain), the proposed QPSK and the conventional BPSK consequently utilize the same bit energy to demodulate data and show almost the same performance at any CNR. When the delay spread becomes large, the proposed scheme can acquire the frequency diversity gain and then the performance is improved. The proposed QPSK consequently outperforms the conventional BPSK at any delay spread. Figure 5 shows the average BEP performances as a function of the average CNR when the rms delay spread σ τ /T s is 0.01. It can be observed from the figure that the slope of BEP curve improves significantly owing to the frequency diversity gain. Meanwhile, the higher-level modulation has a double-edged property: decrease of power efficiency and increase of frequency efficiency. Therefore, the proposed scheme outperforms the conventional one under high CNR condition, concretely speaking, when Γ > 12 dB for R = 2, Γ > 22 dB for R = 3, and Γ > 33 dB for R = 4. The frequency efficiency, that is, the throughput performance will be discussed later. Figure 6 shows the average BEP performance as a function of the Doppler frequency with the time diversity combining. The analytical results are calculated with the time correlation function (19) instead of the frequency correlation function (5) . The characteristics in Figs. 4 and 6 are very similar, because relative merits of both schemes depend on the value of fading correlation, irrelevant whether frequency or time correlation. Figure 7 shows the average throughput performances as a function of the average CNR when the rms delay spread σ τ /T s is 0.01 and the packet size D is 100 bits. The results indicate that the proposed scheme can provide the better performance at any bit rate R in that the lower CNR is sufficient to achieve the maximum throughput. Meanwhile, especially when R = 4, the conventional scheme outperforms under low CNR condition due to the power efficiency of the lower-level modulation. But the gap can be filled with increasing the packet size D. tems appears more evidently when enlarging the packet size D. Figure 9 theoretically compares the Γ req as a function of the rms delay spread when D is 100 bits. It can be observed from the figure that the proposed scheme outperforms at any σ τ /T s for R = 1, whereas requires the larger delay spread (diversity gain) with increasing R. Finally, we would like to emphasize in Figs. 4-7 that the simulation results confirm the theoretical performance analysis in Sect. 3.
Average Throughput Performance

Application of FEC to Proposed OFDM Systems
As an application of the proposed OFDM systems, we briefly discuss the additional effect of forward error correction (FEC) with the simulation. As for FEC coded OFDM, Reed-Solomon (RS) coded OFDM [13] , turbo coded OFDM [14] , and low-density parity-check (LDPC) coded OFDM [25] have been proposed. It is already known by [17] that the OFDM with diversity technique (the space-frequency coded OFDM) can outperform the RS coded OFDM, then we briefly show the advantage of both turbo coded and repetition coded OFDM systems in the case of R = 1. We use popular rate-1/2 punctured turbo code which consists of two recursive systematic convolutional encoders with constraint length of 3, generator polynomial (7, 5) , and interleaver size of 10000 concatenated in parallel. We also use the BCJR algorithm as a decoding method. Figure 10 shows the average BEP and throughput performances with turbo code when the rms delay spread σ τ /T s is 0.01 and the packet size D is 100 bits. It is found from the figure that the performances of both the conventional BPSK and the proposed QPSK are significantly improved owing to the turbo code, and that the proposed QPSK has the additional advantage of the frequency diversity gain. As shown in Fig. 3(b) , the frequency correlation between symbols with half the subcarriers spacing becomes low with increasing the FFT point size N d in the same delay spread σ τ /T s , which improves the performances of the proposed QPSK.
Conclusion
In this paper, we introduced a repetition coded OFDM employing diversity combining and higher-level modulation with such a simple structure as one pair of transmit/receive antennas. In order to compare the proposed scheme with the conventional one on the conditions of the same carrier power and the same bit rate, we derived simple closed-form equations for bit error probability and throughput. The effectiveness of the proposed OFDM systems was verified by both theoretical analysis and Monte Carlo simulation.
We did not theoretically analyze the effect of FEC codes in this paper, because the performances vary depending on the structures of encoder and decoder, interleaving size and so on, whose evaluations are beyond the scope of this paper. As future works, we would like to analyze FEC coded OFDM systems.
